In this manuscript, we consider electromagnetic imaging of perfectly conducting cracks completely hidden in a homogeneous material via boundary measurements. For this purpose, we carefully derive a topological derivative formula based on the asymptotic expansion formula for the existence of a perfectly conducting inclusion with a small radius. With this, we introduce a topological derivative based imaging algorithm and discuss its properties. Various numerical examples with noisy data show the effectiveness and limitations of the imaging algorithm.
Ⅰ. Introduction
Inverse scattering is a problem for imaging of perfectly conducting cracks is a difficult problem but is still a fruitful research area with potential impacts on human life. Various inversion methods have been developed and applied to a wide range of areas including physics, medical science, and material engineering.
In recent research, these cracks have been retrieved via a Newton-type iterative method [1] . However, this method requires derivation of a complex Fréchet derivative, incurs large computational costs, and provides only a good initial guess regarding successful performance. Nevertheless, many practical experiments require starting with a good initial guess so alternative non-iterative imaging methods continue to be developed; e.g., the Multiple SIgnal Classification (MUSIC) algorithm [2] , [3] , linear sampling method [4] , [5] , and Kirchhoff migration [6] , [7] . These appear to be fast and robust, and easily extend to the imaging of multiple cracks, but they still require a large number of incident fields with various directions and corresponding scattered field data.
These limitations were addressed by developing a topological derivative based method for imaging both small and thin arc-like electromagnetic inclusions as well as extended perfectly conducting cracks [8] ～ [11] . In this paper, we apply this method to several arbitrary shaped perfectly conducting cracks and discuss the effectiveness and limitations of the method. This paper organized as follows. In section Ⅱ, we introduce the two-dimensional direct scattering problem in a perfectly conducting crack. In section Ⅲ, topological derivative based imaging is considered and its properties are briefly presented. In section Ⅳ, we illustrate various numerical results and discuss the effectiveness and limitations of topological derivative imaging. This paper ends with a conclusion in section Ⅴ.
Ⅱ. Two-Dimensional Direct Scattering Problem
Let be a homogeneous domain with smooth boundary and let be a perfectly conducting crack where is an injective piecewise smooth function. Throughout this paper, we assume that , i.e., a crack is located at some distance from
In this paper, we only consider the Transverse Mag- This ends the proof. Now, let us discuss the properties of topological derivative . A. In order to perform integration by parts for deriving must be distributed on the unit circle completely. This means that this method cannot be applied to the limited-view data. B. Asymptotic expansion formula holds when the crack does not touch the boundary so that it is impossible to find the shape of crack which is close to the boundary in theory. C. Through tedious calculation, we can derive the following estimation [11] Here is a two-dimensional Green's function where denotes the Hankel function of the first kind of order 0. Notice that if where is the Bessel function of order zero and of the first kind and means that there exists a constant such that Hence ① has its minimum value at the point since reaches its maximum value at this point. Therefore, we can recognize the shape of by regarding the minimum values of ② If the number of the incident direction is increasing, one can obtain a better image. On the other hand, when the value of is small, an image with poor resolution will result. In a practical situation, one cannot use a large number of but must at least satisfy ③ The image resolution is based on the Rayleigh resolution limit. It means that, in a two-dimensional case, one can distinguish between two and when the distance between and is larger than the first zero of the function . Consequently, it is difficult to distinguish two (or more) cracks close to each other, i.e., the applied wave number must be large enough in order to distinguish them. ④ Application of the post-processing operator [8] will enhance the imaging performance.
Ⅳ. Numerical Results
We present some numerical results for discussing the effectiveness and limitations of the topological derivative imaging method. For this purpose, the domain is chosen as the two-dimensional unit circle centered at the origin. We apply the fixed wave number in the form and equi-distributed incident directions as Several cracks are chosen for illustration: with a symmetric curve of constant curvature:
with a non-symmetric curve of a large curvature near one of the crack tips: It is worth mentioning that, for showing the robustness of the topological derivative, a white Gaussian random noise with a 20 dB Signal-to-Noise Ratio (SNR) is applied to the measured boundary data First, let us consider the imaging of In Fig. 2 ., a map of is presented for and Similar to the many results [9] ～ [11] , this method yields a good result when the shape of a crack is symmetric and simple.
Next, in Fig. 3 , map of is presented for and when the crack is [13] . In contrast to the imaging results of and recent results [9] ～ [11] , only different parts of are identified. Fortunately, since there are no spurious points, we can obtain a good initial guess of the Newton-type iterative reconstruction algorithm formed by connecting identified parts [13] . Fig. 4 . shows the map of when the crack is for and . Although we applied a large enough number of , we cannot obtain a good One of main advantages of the topological derivative is that this method can be applied to the imaging of multiple cracks. However, occasionally this method does not yield good results. For the first example, let us consider the imaging of two cracks, , where and In Fig. 5 , a map of is presented for and when the unknown target is The shape of the two cracks, and are wellidentified. However, due to the appearance of two ghost replicas, it is very difficult to say that we can precisely recognize their true shape.
For the final example, we consider the imaging of two curves , where and Note that these two curves are overlapped from some incident angle. In contrast to the previous example, although the shape of clearly appears, we cannot recognize the shape of . Based on these presented results, we can conclude that the topological derivative based method is robust with respect to the random noise and that it yields a good result when the shape of the unknown crack is simple. However, the method it still has some limitations; e.g., it requires a large number of incident fields and obtaining an image of complex shaped or multiple cracks is difficult. Therefore, some improvements are still required in order to overcome these difficulties.
Ⅴ. Concluding Remarks
This paper describes a topological derivative method for imaging of arbitrary shaped perfectly conducting cracks. Theoretically, this method is expected to yield a good result; however, it still has some points in need of improvement; e.g., imaging of oscillating cracks or cracks that contain points of large curvature.
Recently, in order to overcome these limitations, we have explored a point of improvement by applying the following multi-frequency: , bottom: true shape of Fig. 7 shows map of when the crack is . In contrast to Fig. 3 , this yields a better imaging result. A rigorous mathematical analysis and more related numerical examples will be performed in the forthcoming research.
It is worth mentioning that this paper and recent research [1] , [2] , [4] ～ [6] , [11] , [13] have only considered the Transverse Magnetic (TM) polarization case -the Dirichlet boundary condition on the crack. Recently, we considered a topological derivative for the Transverse Electric (TE) polarization case -the Neumann boundary condition on the crack. If we set be the time-har monic electric field that satisfies following Helmholtz 
